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1. Introduction. 

In [6, p. 1661], Rovelli sketched a proof showing how a certain collection of n- 
loops, which he called weaves, are related to the flat 3-metric. He then conjectured 
that perhaps there exists a relationship between n- loops/ for n < oo, and 3- metrics. 
The relationship between n- loops, for n < oo, and 3- metrics will not be answered in 
this paper (and so, it still remains an open question); however, what will be shown 
in this article is that there exists a precise relationship between 3-geometries and a 
subset of Ko-knots, where an n-knot is defined to be an equivalence class of n-loops 
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under (smooth) ambient isotopies (cf. §3). The approach given here is entirely- 
different to that outlined by Rovelli in [6]: tersely, Rovelli introduced a lattice 
spacing on the 3-manifold — the distance between parallel non-intersecting curves 
which defines a weave in 3-space — to obtain his conclusion regarding weaves and 
flat metrics; this, in turn, motivated his conjecture. Here, no such assumptions will 
be made and the results are purely 'topologicar. 

The attention here will be focused on compact, Riemannian 3-manifolds. In this 
paper, the term Riemannian metric means a smooth, non-degenerate, symmetric, 
covariant 2-tensor that is positive-definite on the base manifold. The fact that 
the 3-manifold is separable is crucial in the construction: this, at least, explains 
why Ko-loops are used rather than n-loops for n < oo. The main interest in 
Rovelli's conjecture is that it will provide a tentative physical interpretation of the 
loop representation of quantum gravity [7]: it yields a possible insight into the 
interweaving of topology and geometry at the quantum level. More will be said in 
section 5. 

In all that follows, the spatial (Riemannian) 3-manifold, denoted by E, is as- 
sumed to be smooth, orientable, closed and compact; 1R+ =^{se]R|s^O} and 
/ = [0, 1]. Lastly, let Diff+(S) denote the group of smooth, orientation-preserving, 
diffeomorphisms on E. An overview of this paper runs as follows: section 2 intro- 
duces the required notations and definitions, whilst in section 3, the property of 
the space of Ko-knots of a subset of Ko-loops will be examined. This space will es- 
tablish the sought for correspondence between topology and geometry. In section 
4, a variant of the Rovelli conjecture will be formulated precisely and then verified; 
then, in section 5, some interesting speculations regarding the results established 
in §4 will be outlined. 

2. Preliminary Definitions and Notations. 

Let Ox; = {7 : / ^ S | 7(0) = 7(1), 7 continuous } be the space of loops in 
S and equip it with the compact-open topology. Fix a Riemannian metric g on S 
and let (i : E X E — > be the distance function on E induced by q. Then, the 
metric : Oe x Os IR+ defined by 

dn{l,r]) =^sup(i(7(t),?7(t)) 

induces a metric topology on Q.-^, which is compatible with its compact-open topol- 
ogy [1, p. 263, theorem 4.2.17]. 
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2.1. Remark. Since for each (admissible) Riemannian metric q on E,^ the dq- 
topology — where dq is the distance function induced on E by q — coincides with the 
manifold topology, it follows that all the metrics dq are equivalent to one another. 
Hence, all the metrics do, are also equivalent. 

Let C-E, C r^s be the space of piecewise smooth loops in S endowed with the 
subspace topology. Next, quotient away the constant loops — i.e., 7(1) = {x^}, 
some e S — in jCyi as follows. Define an equivalence relation 'R, (Z €•£ x C-^ 
such that y{'j,r]) e TZ, ^ and r] are constant loops in £e- Let =^ ^n/T^ 
be the quotient space and tt : £e — >Ce the natural map. It is clear that TZ is 
closed in Cy, x C^,- Furthermore, observe from the construction that if £0 = {7 £ 
Cy, I 7 is a constant loop }, then tt\{Cy, — Cq) coincides with the inclusion map 
Cj:- Cq^ C-e; that is, 7f|(>Cs - Cq) = id^^ - Cq). 

2.2. Lemma. jCq is closed and nowhere dense in jCyi- 

Proof. Let {7n}n be a sequence in jCq which converges to 70 G £e- By definition, 
7^(1) = G S Vn and S compact Hausdorff imply that 3xo & T, and a subse- 
quence {xnk}k C {xn}n such that Xn^. xq. Sincc y e > 0,3 Ng > such that 

<^n(7n,7o) = suptg;-(i(7n(t),7o(t)) = sup^g^ 7o(^)) < £ Vn > A^g, it follows at 
once that 70 (t) = xq on / and Cq is thus closed, where d^lCj: x £•£ is denoted by 
dii for simplicity. 

Finally, to complete the proof, suppose that the interior £q ^ 0. Then, for 
any fixed rj G £95 there exists a neighbourhood A^^ = f]^^^ M{Ki,Oi), for some 
n < 00 — where M{Ki,Oi) =^ { 7 G £e | -f^i C / is compact, 7(-f^i) C Oi, C 
E is open } — such that iV^ C Cq. However, r] E N^^ and 77(1) = Xrj for some 
a;^ G S ^ O = nr=i '^J. Let = {7 G I 7(-f) C 0} - Cq. Evidently, 

^ 2S, and in particular, fl A^^ 7^ 0, which is a contradiction. Hence, jCq = 0, 
as required. □ 

The neighbourhood base of Oe = 7f(7) V7 G £0 can now be constructed. It 
follows from the quotient topology and lemma 2.2 that for each neighbourhood 
Nq^ of Oe, 7r~^(A^0E) must be a neighbourhood of Cq. Hence, from the definition 
of TT, the neighbourhood base of O2 consists precisely of subsets n{N), where N 
is a neighbourhood of Cq in Cj:. Explicitly, a neighbourhood of Os is of the form 

^The topology on E and its differentiable structure are of course assumed fixed throughout 
the discussion. 
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Urje^o '^(^v)'> where A^^ is a neighbourhood of r] in Cj:. Notice however, that tt is 
not an open map. For given any neighbourhood of 77 e jCq, Tt~^ojt{N^) = N^UjCq 
which is neither closed nor open (by lemma 2.2) if Cq N^^. Nevertheless, for each 
neighbourhood N oi Cq, tt{N) is a neighbourhood of Oe. 

2.3. Lemma, tt : Cy. Cy, is closed. 

Proof. To establish this claim, it is enough to show that tt maps closed neigh- 
bourhoods of 7/ e Co into closed neighbourhoods of 0^. Invoking the quo- 
tient topology, it will suffice to verify that 7f~^ o 7f(C^) is closed in C-^. Since 
7f~^ o 7t{Cri) = CrjU Co by definition, lemma 2.2 yields the desired result. □ 

2.4. Theorem. Cj: is metrizable. 

Proof. By corollary 2.3, it will suffice to show that Cj: is first countable [1, p. 
285, theorem 4.4.17], and from the definition of tt, it is enough to verify that 0^ 
has a countable neighbhourhood base, since each 7 e — {Oe} has a countable 
neighbourhood base (by definition). Let *Br, = {Bi{r]) | n e N} be a countable 
neighbourhood base of r] E Cq in £e- Since, by definition, each subset of the form 
UrieCo ^i^^iv)) defines a neighbourhood of Oe, it follows that the collection QSo^ 
defined by 



neN 



7 * r]{t) = 



is a countable neighbourhood base of Oe. Hence, £e is metrizable, as claimed. □ 

In the following account, call a curve in S a q-geodesic if it is a geodesic in S 
relative to the Riemannian metric q. Also, if 7,77 are curves such that 7(1) = 7/(0), 
then define 7 * 77 by 

7(2t) for ^ t ^ i, 
r]{2t - 1) for i ^ t ^ 1. 
2.5. Definition. Let 7 e C^,. Then, 7 is said to be a piecewise geodesic loop if 
there exists a Riemannian metric q onT, and n smooth qf-geodesics 71 , . . . , 7^ : I ^ 
S, 1 ^ 71 < 00, such that 7 = 71 * • • • * 7^.^ 

Let denote the space of (smooth) Riemannian metrics on E (endowed with 
the compact C°°-topology^) and De C E a countably dense subset of S. Now, 



^Note that each 7^ in 7 is still a (/-geodesic with respect to its new parametrization [■^-^, 
as the reparametrization 7i(t) — > 7i(nt — i + 1) = 7|[^^, ^] is clearly an affine transformation. 
^The compact C°°-topology is defined in the appendix. 



define Aloof?]) for each q e T'^ , to he the set of all countably infinite multi- loops 
7 = {7*|zeN} satisfying the following two properties: 

(1) for each i, Y G £2 is a piecewise (affinely parametrized) g-geodesic loop in 

(2) the subset 7 is in bijective correspondence with Dy, under the map 7* 1— > 

y(o). 

Finally, set A4oo[rJ] = U^erJ A^cx^f?]- An immediate consequence of the definition 
is the following two observations. Suppose 7 e A^cx)[q'] ^ M.oo[q']- Let T{q) and 
T{q') be the Riemannian connections of q and q' respectively. Fix an admissible 
atlas {{Ua, ipa)}a On S. Then, with respect to each chart Ua, 

on n Uo, for each i (no summation over a, obviously), where F{t) means 
F{t) = on / apart from a finite number of points in I. Hence, {Ta{q)ij — 
^M')ij)iYJHYc.y =■ Vy G 7 and a. Thus, by property (2), Tiq)i^ix) ^ 
T{q')l.j{x) on a dense subset of E as |J{ 7*(/) | 7* G 7 } = E by (2). Hence, invoking 
the continuity of T{h) for h = q, q' , it follows at once that T{q) = r(q') on E. Now, 
with respect to local coordinate basis, r(g)^j- = \q^^{dkqhj + f^j^/ifc ~ dhqkj) (and 
likewise for q'); consequently, q and qf' are related homothetically; that is, 3c > 
constant such that q' — cq.^ More generally, q,q' are related by some coordinate 
transformation, as is shown below. 

Let / : S — > S be a smooth diffeomorphism, where S = {T,,q) and set S/ = 
/(S) =^ (S, {f~^yq). Clearly, if 7 : / — > E is a qf-geodesic, then 7 : / — > E/ is an 
(/~^)*q'-geodesic in E/ and conversely, by symmetry (as isometrics map geodesies 
into geodesies). Hence, in view of these two observations, each 7 G Aloo[r2'] is 
assigned to a unique 3- geometry of E, where the space of 3- geometries is defined 
to be the quotient space Q = r2"/Diff"''(E). Recall that each element [q] G Q is 
defined by [q] = {f*q \ f e Difr+(E) }. Let 7r+ : r+ ^ Q denote the natural 
projection. Then, it+ is open [2, p. 317, §3.1] and Q is a second countable, 
metrizable space [2, p. 318, theorem 1]. 

As a converse remark, notice that if E were not separable or that 7g = { 7^ | 
i G N} were not chosen to satisfy (2), 7^ need not uniquely determine [q] G Q. 
For want of a better term, call A1oo[r2^] the space of piecewise geodesic ^o-loops. 

^Note trivially that as q,q' are positive-definite, c < is not an admissible solution. 
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Now, a suitable topology can be defined on this space. To do this, let be 
the set of affinely parametrized, piecewise geodesic loops in S and let denote 
the countably infinite set-theoretic product of L^;. Define an equivalence relation 
R^CL^X by 

Ri: = {{l,l')^L^xL^--[l] = [l']}, 

where [r/] =^ {77* | z e N} is just the set of components of rj =^ (?7*)^i. Let 
TTx; : L'^ — > Ms L^/Rj: denote the natural map. Then clearly, as a subset, 

Moo[rt] c Ms. 

Now, let Moo C be a subset satisfying 

(i) for each 7 =^ (7*)^i, Y ^ T"' Vi ^ j, 

(ii) Ti^{M^) = Mo.[Tt]- 

It is clear from the definition of Mqo that there exists a family of subsets M^- C Mqo 
such that 

(a) Moo = U.M,, 

(b) M^nM^/ = ya^a', 

(c) TTslMcr : Mo- A4oo[rJ] is a (set-theoretic) bijection. 

Let K ^= T^T.\Ma and for each 7 G Moa\r^], set 7,^ = /i~^(7) G M^r.'' The 
subsets M(j admit suitable metrics to be constructed below. Firstly, fix a finite 
atlas 21 on S and let do, be a metric on Cy, compatible with its quotient topology. 
Then, for any pair 7, r/ e M^-, let da{'^, rf) =^ supj (in(7% rf) + SMY>i <^n(7% if)i where 

d'a{-i\rt) =^ ess sup{ \\D^-i\t) - D''r]\t)\\ :tel,k^l} 

with sup running over all relevant (finite) charts {U, </?) G 21, ess denoting that the 
expression \\D^'y^(t) — D^r]^(t)\\ is not defined only on a finite (possibly zero) set of 
points in / wherein 7* and rj^ are not differentiable, and D^Y{t) denotes the kth 
differential of 7* at t in abused notation. It is routine to verify that d^ is indeed a 
metric. In all that follows, M^- will be endowed with the dcr-topology. 

2.6. Remark. Let 21 denote the maximal atlas of S and define a topology on 
Mcr to be generated by subbasic open sets A^e(7; (t^Q(i), (pa{i))^i, K) in to be 
constructed below, where K C / is compact, 7*(i^) C L^a(i) cind (C/^Q,(i); ¥^0(1)) ^ 

®The subscript a on 7^ will be omitted should no confusion arise from the context. 
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21 Vz. Denote { a{i) |l^z^oo}byQ: and (^/^(i), <fia{i))i by {U, (f)o, for notational 
simplicity, and let 

dLAl', Vl = { IPVa(i) o I'it) - L»Va(i) orj\t)\\:teK,k^l} 

whenever 'j'^ (K) , r]"^ (K) C ^7a(i) Vi. Then, for a fixed 7 G M^- such that 7*(i^) C 

def ~ 

Ua{i) Vi, let iVe(7; = {ry e | daaK{l,v) < ^'(^) C C/^w Vi}, 

where 

i i 

It can be shown that this topology is equivalent to the (icr-topology on Mcr. In 
particular, the dcr-topologies on M(j defined relative to any two finite atlases of E 
are equivalent. Hence, in this sense, the rf^-topology is well-defined as it does not 
depend on the choice of Gnite atlas 21 on S. 

A topology on Aloo[r2'] can now be constructed. Firstly, notice that the spaces 
Mfj and Mo-/ are homeomorphic for each pair cr, a' — define h^a' '■ ^a' by 

la ^ la'i where hcr{lo) = 7 = ha' {la')- The existence of h^a' follows immedi- 
ately from conditions (i) and (c). Hence, it is possible to endow A4oo[r2^] with 
a topology such that each : M.Qo\^t] defines a homeomorphism. This 

will be the topology imposed on A1oo[r2^]- As an aside, if M^o is given the sum 
topology. Moo =^ ®a^<^^ tben h : Moo ^ A^ooPJ] given hj h\Ma =^ h^- defines 
a continuous open surjection. 

3. The Space of «o-Knots of Moo[^t]- 

First of all, some notations and elementary properties of the space of equivalence 
Ho-loop classes will be established. Let be the set of (smooth) orientation- 
preserving, ambient isotopies on S. That is, G^ C C°°(E x /, S x /) is the following 
set: 

{F:Sx/^Sx/| F{x, t) =^ {Ft{x), t), Fq = ids. Ft G Diff+(S) Vt e / } 
and define composition o on by 

{F'oF):{x,t)^{FioFt{x),t). 

Then, clearly, F' o F e and Isx/ =^ ids x id/ & ■ It is straight forward to 

check that (^^,0) forms a group under o, where the inverse F~^ of F = (F^,id/) 
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is defined to be {F^ In particular, o is compatible with the compact C°°- 

topology on ^+ — cf. [3, p. 64, ex. 9]. Moreover, since DifF+(E) is closed in the 
group DifF(S) of smooth diffeomorphisms endowed with the compact C°°-topology 
(as it is a subgroup of Diff (E)), is also closed in C°°(E x /, E x /) (with respect 
to the compact C°°-topology). 

If 7, ?7 G £e are any pair of loops and 7 is ambiently isotopic to rj under some 
F E denote this by F : 7 ~ 77. Now, given any pair of Ko-loops 'Jt'I] E A1oo[rJ], 
define an equivalence relation R generated by ~ on A1oo[rJ] as follows: 

7 ~ ?7 <^=^ 3F E such that F • 7 = ry, 

where F • 7 =^ { Fi o 7^, Fi o 7^, . . . } and F : 7* ~ 77* Vz. Then, the space /CfFa"] 
of equivalence classes of bJ;o-loops in Aloo[r2"] is defined to be the quotient space 
•M-oolT^j/Q^ . Henceforth, for simplicity, the term (piecewise geodesic) 'i^Q-knot 
will mean an element of the quotient space /C[r+]; that is, an b^o-knot denotes 
an equivalence class of i^o-loops under a smooth, orientation-preserving, ambient 
isotopy. The space /C[rJ] will be called the (Kq, rJ)-A;not space of 7Woo[rJ]. Let 
Koo : -A^oo[r2^] ^[^2^] denote the natural map, where /C[rJ] is endowed with the 
quotient topology. 

3.1. Lemma. The natural projection Kqo : Aloo[r2^] — > /C[r2'] is open. 

Proof. A sketch of the proof will be given. To see that Koo is an open mapping, it 
is enough to note that for each open subset C A^ooPj], 

F€g+ 

where F-A' = {F-7|7GA^}. Since F ■ N is open in A^oo[r2^]) as F defines 
a homeomorphism from A4oo[rJ] onto itself, the quotient topology implies that 
K'^ o Koo(A^), and hence Kqo, must also be open. □ 

3.2. Proposition. /C[rJ] is Hausdorff. 

Proof. By lemma 3.1, it will suffice to show that the equivalence relation R gener- 
ated by ~ is closed in A^oopJ] x A4oo[r2^] [4, p. 98, theorem 11]. Let {{'yn,Vn)}n 
be a sequence in R which converges in Aloo[r2^] x A^oo[r2"] to (70,^70)- By def- 
inition, 3 a sequence {F„}„ in ^+ such that F„ : 7„ ~ r]n for each n. So, 

{ln,Fn • 7n) ^ (70,^70) =^ K • 7n ^ Vo and 7n ^ 70, and hence implying that 
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{Fn}n is a convergent sequence in Consequently, is closed implies that 
F„ — > Fq e for some Fq. Whence, rjo = Fq ■ 70 and R is thus closed, as desired. 
□ 

In the interest of simplicity, call 7 e A1oo[r2^] a piecewise (^Q^q)- geodesic loop 
whenever the 3-metric q is required to be specified. 

3.3. Lemma. Let 7,7 G A1oo[r2^] be piecewise (Ko?*?)- CLf^d {^q, q)- geodesic loops 

respectively. 1/7 ~ 7, then 3 / G Diff''"(E) such that q — f*q. 

Proof. Let F e ^+ be an ambient isotopy of 7 and 7: F-^ = 7. Then, evidently, 7 is 
a piecewise (b^o, (-Fi~^)*q')-geodesic. However, 7 is also a piecewise (Mo, 0-geodesic; 
hence, by §2 (2), 3 / e Diff"'"(E) such that q = f*q, as required. □ 

4. bl;o-Knots and Classical Geometry. 

In this section, the relationship between the equivalence classes of Nlo-loops in S 
and the (classical) geometries admissible on E will be studied. This correspondence 
can be easily sought simply by noting that each element in A1oo[r2^] corresponds 
to a unique 3-geometry [q] of S by construction. The modified form of Rovelli's 
Conjecture can now be formulated. 

4.1. Theorem. There exists a continuous, open surjection x • -^00 [1^2"] ~^ Q 
given by 7^ 1— >• [q], where 7^ is a (piecewise) (Kq, q)-geodesic loop and q E [q]. 

Proof (Sketch). Firstly, x is well-defined from the definition of Aloo[r2"]- Secondly, 
the surjective property of x is also clear. Thirdly, in this proof, will be identified 
with its image under the (topological) imbedding j°° : ^ C(S, J°°[pe])-^ So, 
Q = j°°r+/Diff+(S) and 7r+ : j°^T+ Q. 

Now, fix some 70 G Moo[Tt] and let N{qo) = flLi ^(^^^ (^e be 
a neighbourhood of qo in FJ, where G N, n < 00 and qo G x(7o) = [^o] is 
a representative of the go-equivalence class. Set N([qo]) = 7r_|_(A^(q'o))- Then, 
N{[qo]) 7:+\N{[qo])) = U{ /* ° Niqo) \ f G Diff+(E) }, where /* o Niqo) = 
{f*1 I 1 ^ -^(90) }• Let D^i^o) be an ^-neighbourhood of 70 defined by 
i?e(/i-i(7o)) = h-\D,{-f,)) Wa. Then, Vry G 1^,(70), M%a,Vl) + d'Ma^Vl) < 
e \/i and a, where /i~^(7) =:^7ct- 

^The notations used here — the C°°-jets and compact C°°-topology — can be found in the 
appendix. 
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Next, observe from the definition that 



(*) 



iff + T{q)Uff{fy Vz e N and £=1,2, 3, 



where V{q) is a Riemannian connection determined by the 3-metric q (with the 
connection coefficients written with respect to the natural fi:ame for simphcity). 
So, by choosing e > to be sufficiently small, and by fixing any a — and setting 



7o = 7o^*\ "ff = V'^^^^ — it follows that |r/* - 7o| < £ and |?7* - 7ol < ^ (almost 
everywhere), and in particular, using (*), 



where qr, E x{v)- Whence, 1(7^)' + nqvYkj&iihyi =' \{ToY + 

r(go)L(7^)'(7^y-(7^)'-r(?,)L(7^)'(7S)^'l = l(r(go) - r(g,))i,.(7^)'=(7^)^'l ~ 



0{e) a.e. (from above) Vz e N =^ |r(g^)(^ — r(go)ij| is small on S for each fixed 
£, /c, j whenever e > is small enough by appealing to §2 (2) and the continuity of 
r. Thus, from T{q)f,j =^ ^Q^^idkQhj +djqhk — dhqkj) (in the natural frame), it fol- 
lows that 3 / G Diff^(E) such that f^q-q and q'Oi together with their kth. derivatives, 
must be close to one another: f*qr^{Ki) C {ti'^)~'^ iU'^'-) Mi = l,...,n. So, f*qj^ 
and hence q^ must both belong to iV([go]) for e > sufficiently small. Whence, 
X^Dgi^o)) C A^([qo]), and the continuity of x follows. 

Finally, to conclude this proof, observe that for any 7 G A^oo[r2^], ° xil) = 
{ / ° 7 I / ^ Diff''~(E) }, where / o 7 =^ { / o 7^, / ° 7^, . . . }. Hence, for any 
£-neighbourhood -De (7), 



and X is thus open, as desired. □ 

In spite of the divergent approach given here with Rovelli's original idea, the 
following corollary could perhaps be christened as the weak Rovelli conjecture inas- 
much as the notion of relating knots with geometry originated from Rovelli [6] . 
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a.e. 



(iiY+nQvYkj&Cfoy 

{f,^ + 0{e)Y + n<lr,YkM + 0{e)Y{v' + 0{e)} 



1-7 




X-^ox{Ds{l)) 



U /°^s(7), 



/eDiff+(E) 



4.2. Corollary (Weak Rovelli Conjecture). The map x induces a continuous, 
open surjection x '■ ^[^t] ~^ Q giv&n by [7^] 1— > xi'jq), where 7^ e i^^{[lq\) is any 
fixed representative. 

Proof. This map x is well-defined by lemma 3.3. The result now follows immedi- 
ately from theorem 4.1, lemma 3.1 and the commutativity of the following diagram: 

Aioo[r+] Q 

id 

}C[T+] Q. 

□ 

Two comments regarding theorem 4.1 and its corollary are now in order. Firstly, 
it is certainly evident that if E be separable (which, here, it is in any case!), then 
it is sufficient to characterized its 3-geo metrics by the Ko-loops in 7Vloo[r2^] since, 
by construction, {7*(0) | z G N} = E, whereas n-loops, for n < 00 (using this 
construction), are not sufficient to determine the 3-geometry uniquely (as might 
well be expected): cf. §2.5 for a detailed account. 

Secondly, it has been established elsewhere — cf. for example, [7, p. 132, 
§5.1] using the diffeomorphism constraints of general relativity (in the loop 
representation) — that functionals on Cy, which describe gravitational states are 
constant on the ^+-orbits of Cy,'- V'W = i^il'] ^lil' £ where ip : C-^ ^ ^ 
is a loop functional. However, surprisingly, this condition follows immediately 
from corollary 4.2. This can be easily seen as follows. Functionals on that 
describe gravitational states are those which are invariant under Diff"''(S): i.e., 
they are essentially functionals on Q. Let C(Q, C) be the set of continuous func- 
tionals on Q and let C(/C[r2"],C) be the set of functionals on /C[r2"]. Then, 
V* e C(Q,C), *ox e C(X:[r+],C); that is, x*(C(Q,C)) C C(/C[r+],C), and 
the assertion thus follows. 

This concludes the classical description of Ko-knots and their relationship with 
3-geometries. 

5. Discussion. 

In this final section, a possible physical interpretation — albeit a highly specula- 
tive one! — regarding knots and gravity will be sketched. As was pointed out before, 
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the separability of S guarantees that x in theorem 4.1 remains well-defined. Fur- 
thermore, as classically, gravity — or equivalently, the 4-metric — of space-time is 
determined by the distribution of matter in the universe via Einstein's field equa- 
tions, gravity is a 'global' concept. In this sense, if n-loops can describe gravity in 
any way, then, provided that space-time be separable, loops that will best describe 
it are i^o-loops. Indeed, a judicious choice of Ko-loops — such as those given in the 
preceding sections — enables one to recover the underlying Riemannian 3-mamfold 
E simply because {7^(0) | z G N} = E, and x{lq) = In the light of this ob- 
servation, it is not unreasonable to conclude that gravity is the result of the way 
3-space (and hence, space-time) is knotted, where is said to be [y]-knottedii 

x([7]) = [•?]• Aiid since x is not one-one, E can be knotted in two ^^-inequivalent 
ways and yet give rise to the same gravitational configuration (determined by x)- 
In short, having determined A4oo[r^] from E, each element in A^<x,[rJ] contains 
the necessarily information to reconstruct E. 

To conclude with a speculative note on the quantum aspect of a knot [7], one 
might heuristically interprete a knot state \[^]) to correspond to the pair [(E,q')], 
where [(E, q)] ^= { (E, q) \ q & x([7]) }• In particular, |[7]) is associated with a par- 
ticular 3-geometry x([7])- Thus, |[7]) corresponds to the global degrees of freedom 
of gravity: and since gravitons are associated with the local degrees of freedom of 
gravity, it has no direct relationship with a knot state. In the full quantum theory, 
it is quite reasonable to expect that |[7]) will not span a Hilbert space due to the 
highly non-linear nature of gravity and the violation of the asymptotic complete- 
ness condition. Hence, a knot state most probably cannot be interpreted in the 
usual quantum field theoretic sense in that it lies in some Hilbert space, although 
it is tempting to conjecture that the knot states lie in some Ko-dimensional smooth 
Kahler manifold. 

Acknowledgment. The first author thanks S. Scott, L. Tassie and P. Leviton for 
some fruitful conversations. 

Appendix 

A. Compact C°°-Topology. 

The definition of a compact C°° -topology will be reviewed [5, pp. 32-33, §§4.1- 

4.3]. Let J'^fE] be the space of C"^-jets from E into E and denote an element 
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in J"[S] by either j'^{f{x)) or [f,x\n (which ever proves more convenient). Fix 
an atlas 21^ = {{Uo,,ipa)}aeA on E and set 2li:(t^a) = {U C Ua \ U open }. 
Then, QSs = Ua^s(C^a) forms a base for S. Let J°[S] = E x E and let tt? : 

J^S] ^ J0[S] by ^ b,</'(p))- Set t/^,, = (7r?)-i(t/« x and define 

p\. : J"^[S] — > S by : j^(j){p) ^ (j){p) and : j^(j){p) ^ p- Then, it is clear that 
Ul^, = {pl)-HU^)n{p\)-^{U^>). Finally, let Sl^ ^, = {{7r^)-\U xU') \UxU' C 
Ua. X Ua' open }. Then, = ^, SI^q?' forms a base for J^[S]. Following [8, p. 
94, definition 4.1.5], define : U^^, = x x ^^^^sila^i) by 

^ (V'a(p),V'a'(0(p)),^a(iV(p))), 

where '^B^{x) is an open £-ball in R"' and Daj^4'{p) '= | gfr^aa' (V'a(p)) | for some 

Ni such that Daa' '■ U^^, = ^^Bsj^{xi) and (paa' '= i^cx' o (p o i^a^- The pair 
(Uaa'j ^aa') defines a chart on Denote symbolically by ^/'q, x •^q,/ x 

Now, define : J^[S] ^ E by : j'^(j){p) ^ p and : p(j){p) ^ <i^{p)- 
Furthermore, define ■ J'^[^] J^[^] by 7r2(j^^(p)) = {p,4>{p)) and let [/^q,, =^ 
{A)~^{Ua X Ua'). Then, t/^^, = {p'i)-^{Ua) n (p^)-HC^a')- And as with the case 
for J^[S], the pair {U^^,,'^'^^,) defines a chart in J^[S], where =^ Va x V'a' x 

X and j)2 . jj2^^ ^ ^2 5^2 (0:2), for some £2 > and some N2 e N, is defined 
by Dlif^ip)) \^^(t^^^,{^^{p))\ . Also, define tt^ : J^p] ^ J^p] by 
[(/),p]2 ^ Then, by definition, tt^ = tt? o tt^ and t^\{U1^,) = Ul^,.^ Finally, 

let ^^la' = { {Ar\U XU')\UXU' GUaX Ua' OpCU }; then, = Ja.a' 

forms a base for [E] . 

By induction, given J^[E], (7r°)-i([/„ x = (p!!)"Ht^a) n and 
7r"~^(t/^Q,,) = U^~,^. Furthermore, the pair (t^QQ,/, ^'aa') forms a chart on J'^[E] 
as follows: =^ Va x ipa' X nr=i where 

with some iV^ e N such that Di{Ui^,) = ^'Bs,{xe). Tersely, : U^^, ^ 

^Be^ (xa) X ^Bs^, {xa') X H^Li ^'Bs^ {xi). The topology on J"[E] is generated by the 
base 05" = (Jaa' ^l^a'^ where 21^^, = { (TrO)-^?/ xU') \ U xU' C UaX Ua' open }. 



SPor e ^ 7rO(jV(p)) = (P,</'(P)) e t^a X ^ e C^L' and so, U^^, C 

7ri(i72^,). Conversely, j V(p') £ 7^^(t^L,) ^ j'-^'Cp') e C^L' ^ (p'><^'(p')) e x f/,, the 
converse set-inequality, as required. 
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It follows from the construction that { , tt^ N} forms an inverse sequence. 
Let J~[E] = ^m J"[S] denote the limit of the inverse sequence. Then, 55°° = 
{(7r")-^(C/) I t/ e 55" Vn} defines a base of J~[S], where tt" =^p"|J~[S] and 

'■ IlieN "^^l^] ~^ -/"^[S] is the nth projection. Observe from [1, p. 98, proposition 
2.5.1] that J°°[S] is closed in the Cartesian product IlieN "^M^]- 

The compact (or weak) C°° -topology on C°°(S,E) is the topology induced by 
the map : C°°(E,E) ^ C(E, J°°[E]) defined by / ^ j°°f =^ [f,-]^ such 
that it is a topological imbedding. Let Diff(E) C C°°(E, E) denote the set of C°°- 
diffeomorphisms on E. The composition mapping o : Diff(E) x Diff(E) Diff(E) 
given by {f,g) >—>■ fog defines a group structure on Diff(E). Indeed, the group 
structure is compatible with the compact C°°-topology on Diff(E) [3, p. 64, ex. 9]. 
Lastly, observe from [3, p. 38, theorem 1.6] that Diff(E) is open in C°°(E,E) (as 
E is compact implies that the weak and strong C°°-topology coincide). 

This appendix will conclude with a brief sketch of the compact C°°-topology on 
the space Eg" of (admissible) Riemannian metrics on E. Let : S'a'E — > E be the 
symmetric covariant 2-tensor bundle over E and p^n '■ J'^Ipt] — > E be the C^-jet 
bundle of the cross-sections of S'2"E. Then, defining tt^-^ : J"^[pe] — > E x 5'2'E as 
above by j^q{x) ^ ix,q{x)) and tt^^ : J"[pe] ^ J'^Ipt] by rq{x) ^ j'^qix) 
whenever m ^ n, one again obtains an inverse sequence {J'^\pi:]-,t^^^ i^}, where 
J>s] = E X 5^E. Finally, let J~[pe] denote the inverse limit of the sequence 
and set 7rg ^ p'y\J°^\pt\, where : IlieN ~^ J'^lPa] is the nth projection. 
The topology of is then defined by the (topological) imbedding : ^ 
C(E,J-[pe]). 
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